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1. Introduction and notation
In this paper we consider integral operators of the form
A f (x) =
x∫
o
K (x, y) f (y)dy,
B f (x) =
1∫
x
K (y, x) f (y)dy,
which act on the space L2(0,1) with kernels that satisfy the following condition
K (x, y)K (y, t) ≡ ϕ(y)K (x, t) on [0,1] × [0,1]. (∗)
(It is clear that ϕ(y) = K (y, y).)
Operators A and B represent a wide class of integral operators which play important role in the theory of fractional
integration and differentiation. In the paper [9] fractional power of the operators A and B were introduced in the following
way:
Aα f (x) = 1
Γ (α)
x∫
o
K (x, y)ϕα−1(x, y) f (y)dy,
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Γ (α)
1∫
x
K (y, x)ϕα−1(y, x) f (y)dy (α > 0)
where
ϕα(x, y) =
( x∫
y
ϕ(s)ds
)α
.
Formula of fractional integration by parts, the inversion formula and semigroup property for operators Aα and Bα are
proved in [9].
If K ≡ 1, the operator Aα is reduced to the Riemann–Liouville operator; if K (x, y) = σ x−ση yση+σ−1 the operator Aα (up
to the factor x−σ ) is reduced to the Erdélyi–Kober operator [10].
If K (x, y) = 1y the operator Aα is reduced to Hadamard fractional integral operator [10].
If K (x, y) = g′(y) the operator Aα is reduced to fractional integral of functions with respect to function g [10].
If K ≡ 1 then
Aα f (x) = 1
Γ (α)
x∫
o
(x− y)α−1 f (y)dy
(≡ Iα f , Riemann–Liouville fractional integral operator).
In [4,11] it was proved that
lim
n→∞(nπ)
αsn
(
Iα
)= 1 (α > 0)
where sn(Iα) denotes the singular values of the operator Iα .
In [1] a more precise result is given i.e.
sn
(
Iα
)= (nπ)−α(1+ O( ln2 n
n
))
, n → ∞.
In [3], P. Burman gave two-sided estimates for sn(Iα) and as a consequence he obtained a sharp result
sn
(
Iα
)= (nπ)−α(1+ O(1
n
))
, n → ∞.
D.E. Edmunds and V.D. Stepanov in [5] gave some criteria of belonging to Schatten–von Neumann ideals for a certain
class of integral operators whose kernels satisfy the condition that is close to additive version of the condition (∗).
In [8] asymptotic behavior of the singular values of some integral operators of Riemann–Liouville type was also found.
In this paper we determine asymptotic behavior of singular values of the operators Aα , Bα (when Aα and Bα are
compact).
For example, as a consequence of the main result of this paper, we obtain:
a) If K ≡ 1 then sn(Aα) ∼ (nπ)−α , n → ∞.
b) If K (x, y) = g′(y) then sn(Aα) ∼ (nπ)−α(
∫ 1
0 |g′(t)|dt)α , n → ∞.
c) If K (x, y) = a(x)b(y) and F is a function such that F ′(x) = a(x)b(x), then
Aα f (x) =
x∫
0
a(x)
(
F (x) − F (y))α−1b(y) f (y)dy
and we have
sn
(
Aα
)∼ (nπ)−α
( 1∫
0
∣∣a(x)b(x)∣∣dx
)α
.
(We refer to [6] for basic facts on singular values of compact operators.) In this paper, zα = eα ln z , ln z = ln |z| + i arg z,
−π < arg z π .
Also, we use notation
∫ x H(x, y) · dy for the integral operator which acts on L2(0,1) and has kernel H(·,·).0
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Theorem 1. Let K ∈ C1+[α]([0,1]2) (α > 0), satisfy the condition (∗), ϕ(x) = K (x, x) 	= 0 on [0,1] and ∫I K (x, x)dx 	= 0 for every
interval I ⊆ [0,1]. Then formula
lim
n→∞(nπ)
αsn
(
Aα
)= lim
n→∞(nπ)
αsn
(
Bα
)=
( 1∫
0
∣∣K (x, x)∣∣dx
)α
holds ([α] denotes integral part of α).
For the proof of the previous theorem, we need some lemmas.
Lemma 2. Let α > 0 and s > 1+ [α]. Then
lim
λ→∞λ
α
1∫
0
(
1− t2)stα−1e−iλt dt = Γ (α)e−i απ2 . (1)
Proof. Let α = 1. Integrating by parts we obtain
λ
1∫
0
(
1− t2)se−iλt dt = −i − 2s
i
1∫
0
t
(
1− t2)s−1e−iλt dt
and, by Riemann lemma, we have
lim
λ→∞λ
1∫
0
(
1− t2)se−iλt dt = −i.
If α ∈N and α  2 the statement of Lemma 1 follows by induction.
Let now 0<α < 1 (then s > 1).
The function t → r(t) = (1−t2)s−1t is differentiable on [0,1] and hence
λα
1∫
0
r(t)tαe−iλt dt = O
(
1
λ1−α
)
, λ → ∞.
Using equality
λα
1∫
0
(
1− t2)stα−1e−iλt dt = λα
1∫
0
r(t)tαe−iλt dt +
λ∫
0
tα−1e−it dt (2)
and
lim
λ→∞
λ∫
0
tα−1e−it dt =
∞∫
0
tα−1e−it dt = Γ (α)e−i απ2 ,
(1) follows from (2).
Let now α > 1 and α /∈N (and s > [α] + 1).
The function t → tα(1− t2)s−1 is [α]-times differentiable and(
tα
(
1− t2)s−1)(ν) = 0
for t = 0 and t = 1 for all ν ∈ {0,1, . . . , [α]}.
Using integration by parts we get
lim
λ→+∞λ
α
1∫ (
1− t2)stα−1e−iλt dt = α − 1
i
lim
λ→+∞λ
α−1
1∫ (
1− t2)stα−2e−iλt dt.0 0
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lim
λ→+∞λ
α
1∫
0
(
1− t2)stα−1e−iλt dt =
( [α]∏
ν=1
α − ν
i
)
lim
λ→+∞λ
α−[α]
1∫
0
(
1− t2)stα−[α]−1e−iλt dt. (3)
Since α − [α] ∈ (0,1), according to already demonstrated, it follows from (3) that
lim
λ→+∞λ
α
1∫
0
(
1− t2)stα−1e−iλt dt =
( [α]∏
ν=1
α − ν
i
)
Γ
(
α − [α])e−i π2 (α−[α]) = Γ (α)e−i απ2 . 
Lemma 3. Let α > 0 and k(ξ) = θ(ξ)|ξ |α−1 where
θ(ξ) =
{
1; ξ  0,
0; ξ < 0.
Let an operator Tα : L2(0,1) → L2(0,1) be deﬁned by
Tα f (x) = 1
Γ (α)
x∫
0
ϕ(x)αk(x− y) f (y)dy.
Then:
lim
n→∞(nπ)
αsn(Tα) =
( 1∫
0
∣∣ϕ(x)∣∣dx
)α
.
Proof. Let
k˜(ξ) = lim
r→∞
∫
|x|<r
(
1− x
2
r2
)s
k(x)e−ixξ dx
(s > [α] + 1) be Riesz–Fourier transform of the function k. If ξ > 0 we obtain (by a change of variable x = rt):
ξαk˜(ξ) = lim
r→+∞
1∫
0
(
1− t2)stα−1e−itrξ dt · (rξ)α
= lim
λ→+∞λ
α
1∫
0
(
1− t2)stα−1e−iλt dt = Γ (α)e−i απ2 (Lemma 1).
In a similar way, if ξ < 0, we obtain
(−ξ)αk˜(ξ) = Γ (α)ei απ2 .
So, if ξ 	= 0, we have
|ξ |α∣∣k˜(ξ)∣∣= Γ (α). (4)
Let
Nt(Tα) =
∑
sn(Tα)t
1, t > 0.
According to the Birman–Solomyak theorem [2, pp. 75–76] or [7, p. 81], we get
lim
t→0+ t
δNt(Tα) = γ ·
1∫
0
(∣∣ϕ(x)∣∣α 1
Γ (α)
)δ
dx (5)
where δ−1 = α and
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2π
measure
{
ξ :
∣∣k˜(ξ)∣∣> 1}
= (Γ (α))
1
α
π
(
it follows from (4)
)
.
From (5) it follows that
lim
t→0+ t
1
αNt(Tα) = 1
π
·
1∫
0
∣∣ϕ(x)∣∣dx. (6)
Substitution t = sn(Tα) into (6) gives
lim
n→∞ sn(Tα)
1
α · n = 1
π
1∫
0
∣∣ϕ(x)∣∣dx. 
Lemma 4. Let function K satisfy the conditions of Theorem 1, ϕ(x) = K (x, x) and Dα be operator deﬁned by
Dα f (x) =
1∫
0
ϕ(x)ϕα−1(x, y) f (y)dy.
Then we have
lim
n→∞(nπ)
αsn(Dα) =
( 1∫
0
∣∣K (x, x)∣∣dx
)α
.
Proof. Let Gα : L2(0,1) → L2(0,1) be the operator deﬁned by
Gα f (x) =
x∫
0
H(x, y) f (y)dy
where
H(x, y) = ϕα−1(x, y) − ϕ(x)α−1(x− y)α−1.
Then we have
Dα = Tα + MαGα (7)
where
Mϕ f (x) = ϕ(x) f (x).
If we prove that
lim
n→∞n
αsn(Gα) = 0 (8)
then from (7), Lemma 3 and Ky Fan theorem [6, p. 52] the statement of Lemma 4 follows.
Let now 0<α < 1. Then we have
x∫
y
ϕ(s)ds = ϕ(x)(x− y)(1+ O (x− y)), y → x−,
and so
ϕα−1(x, y) = ϕ(x)α−1(x− y)α−1
(
1+ O (x− y))
i.e.
H(x, y) = O (x− y)α, y → x− . (9)
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from (9)) we obtain
Gα = −G ′α I (10)
where
G ′α f (x) =
x∫
0
∂H
∂ y
f (y)dy.
By a direct veriﬁcation we get∣∣∣∣∂H∂ y
∣∣∣∣ const(x− y)α−1; 0 y < x< 1;
hence the operator G ′α is bounded on L2(0,1).
It follows from (10) that
sn(Gα) = O
(
1
n
)
.
Hence we have proved (8).
Let now α  1.
Then we have
ϕα−1(x, y) = ϕ(x)α−1(x− y)α−1
(
1− ϕ
′(x)
2ϕ(x)
(x− y) + O (x− y)2
)
, y → x−
and, for a function Ω , deﬁned by
Ω(x, y) = ϕα−1(x, y) − ϕ(x)α−1(x− y)α−1 + ϕ(x)
α−2ϕ′(x)
2
(x− y)α
the equality
Ω(x, y) = O ((x− y)α+1), y → x− (11)
holds.
Let Rα : L2(0,1) → L2(0,1) be the operator deﬁned by
Rα f (x) =
x∫
0
Ω(x, y) f (y)dy.
The function Ω has derivatives with respect to y up to the order [α] + 1 and from (11) it follows that
∂ [α]+1Ω
∂ y[α]+1
= O ((x− y)α−[α]), y → x− .
Therefore, according to Theorem 4 [6, p. 157] we have
sn(Rα) = O
(
1
n
3
2+[α]
)
, n → ∞. (12)
Since
Rα = Gα + ϕ(x)
α−2ϕ′(x)
2
x∫
0
(x− y)α · dy,
from (12) and the fact that
sn
( x∫
0
(x− y)α ϕ(x)
α−2ϕ′(x)
2
· dy
)
= O
(
1
nα+1
)
holds, and from the properties of singular values of the sum of two operators, we obtain (8). 
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L(x, y) = (K (x, y) − K (x, x))ϕα−1(x, y)
then
lim
n→∞n
αsn
( x∫
0
L(x, y) · dy
)
= 0.
Proof. The function L has all derivatives with respect to y up to order [α] + 1. Since
ϕα−1(x, y) = ϕ(x)α−1(x− y)α−1
(
1+ O (x− y)), y → x−,
we have
L(x, y) = ∂K
∂ y
∣∣∣∣
y=x
ϕ(x)α−1(x− y)α(1+ O (x− y)), y → x− . (13)
Let
L1(x, y) = L(x, y) − ∂K
∂ y
∣∣∣∣
y=x
ϕ(x)α−1(x− y)α.
From (13) it follows that
∂ [α]+1L1
∂ y[α]+1
= O ((x− y)α−[α]), y → x− . (14)
From (14), and Theorem 4 [6, p. 157], we obtain
sn
( x∫
0
L(x, y) · dy
)
= O
(
1
n[α]+ 32
)
, n → ∞. (15)
Note that
sn
( x∫
0
∂K
∂ y
∣∣∣∣
y=x
· ϕ(x)α−1(x− y)α · dy
)
= o
(
1
nα+1
)
, n → ∞.
Now Lemma 5 follows from the above asymptotics and the properties of the singular values of the sum of two operators. 
3. Proof of Theorem 1
Since
Aα = Dα +
x∫
0
L(x, y) · dy
from Lemma 4, Lemma 5 and Ky Fan theorem, the statement of Theorem 1 follows.
For operator Bα the statement follows from equality
Bα = (Aα)∗.
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